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A novel approach for stabilizing the intermediate steady state of a continuous stirred-
tank reactor (CSTR) is proposed by using a special type of periodic forced operation,
the so-called mediating operation. The mediating operation enables new additional
steady states for which one of the new intermediate steady states is stable to be pro-
duced. Thus the proposed approach employs a periodic forcing for stabilization of a
selected steady state by control of a steady-state multiplicity. The feed flow rate is con-
sidered to be a manipulated variable. Changing CSTR multiplicity is investigated for
two-step control inputs. It is shown, analytically, that under two-step control CSTR can
exhibit at most five steady states with a stable intermediate steady state. A constructive
procedure is proposed for finding control parameters corresponding to maximal multi-
plicity, that is, for stabilizing an intermediate steady state by two-step control.

Introduction

A novel approach for achieving a stable intermediate steady
state of a catalytic continuous stirred-tank reactor (CSTR) is
considered by using a special type of periodic forcing, the
so-called mediating operation. The mediating operation as a
new periodic operation approach for catalytic CSTR with
widely separated time scales has been proposed by Gol'dshtein
et al. (1996). Mediating operation is introduced as a periodic
intermediate-mode operation with respect to different reactor time
scales. The main goal of the operating method is to control
two system responses by manipulating a single control input.
The study demonstrates that mediating operation inputs can
produce additional steady states of CSTR, for which one new
intermediate steady state is stable. Thus the reactor behavior
for the intermediate temperature area can be stabilized. The
proposed novel approach can be formulated as an application
of mediating operation to control a steady-state multiplicity for
the achievement of a stable steady state in the selected area.

The stabilization of chemical reactor operation can be
viewed as a potential benefit of the forced periodic operation
approach. The unforced classic CSTR with a single reaction
may have a single stable steady state as a minimum or three
steady states as a maximum. For maximal three multiplicity
the lower and upper steady states are stable and the interme-
diate one is unstable (see, for example, Uppal et al.,, 1974,
1976). Traditionally, stabilizing reactor operation in the inter-
mediate domain is considered as moving the stable steady
state (lower or upper or single) of periodically forced CSTR
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in an unstable operation domain of the unforced reactor. In
this sense, vibrational control by feed-flow-rate manipulation
can change multistability to a single stable steady state (Bell-
man et al., 1983) or can move an upper steady state in some
intermediate operation domain (Cinar et al., 1987a,b). Medi-
ating operation by feed-flow-rate manipulation can also re-
sult in a single stability or can move a stable lower steady
state in the vicinity of the unstable intermediate steady state
of the unforced reactor (Gol’dshtein et al., 1996).

A novel possibility for stabilizing the intermediate steady
state arises from the ability to mediate the operation to con-
trol a steady-state multiplicity. Gol’dshtein et al. (1990) have
shown that two-step periodic forcing of the intermediate
mode may lead to five steady states, of which one of the in-
termediate steady states is stable. Hence, the mediating oper-
ation enables achievement of a stable steady state for the
intermediate temperature area by creating additional multi-
stability of CSTR. For this purpose the two-step mediating
operation is examined by using singular perturbation and av-
eraging methods. Multiplicity features of an averaged
steady-state system are studied by using catastrophe theory
(see, for example, Brocker and Lander, 1975; Poston and
Stewart, 1978; Golubitsky and Schaeffer, 1985).

In general, chemically reacting systems may exhibit compli-
cated steady-state multiplicity. Steady-state multiplicity and
possible types of bifurcation diagrams for CSTR as a multire-
action system have been researched in detail by Balakotaiah
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and Luss (1982, 1983, 1984, 1988). The dynamic features of
systems with widely separated time scales have been studied
by Sheintuch and Luss (1987) for the limiting case. The mul-
tiplicity problem of CSTRs coupled in series has been consid-
ered by Dangenlmayr and Stewart (1985) and Retzloff et al.
(1992).

This article addresses a new multiplicity problem of CSTR
caused by periodic manipulation of external input as a feed
flow rate. It is shown, analytically, that for the two-step con-
trol multiparameter, the CSTR problem is described by stan-
dard butterfly singularity. As a result, CSTR can exhibit at
most five steady states that have a stable intermediate steady
state. A systematic numerical procedure is presented for
finding amplitude parameters of two-step control that pro-
vide five steady states and in this way enable stabilizing inter-
mediate steady state. In particular, it is shown that only stro-
boscopical control can lead to the desired stabilization. It is
also shown that correlation between a coolant temperature
and a feed-flow temperature is essential in order to realize
maximal multiplicity.

Reactor Model and Mediating Operation

The chemical reactor is considered to be a two-phase
well-stirred tank reactor with a gas mixture reacting on the
surface of a solid catalyst. A thermal equilibrium is assumed
at all times between different phases in the reactor. For a
single first-order reaction the heat- and mass-balance equa-
tions of the gas~solid CSTR have the form

dT
Vpc, + mcs)ﬁ == pc,F(T-T)—hA(T - T,)
V(-AH)Ck £ (1)
+ - Oexp(—ﬁ)

dc
vV

E
W=—F(C—Cf)—VCkoexp(————).

RT

To reduce to dimensionless form it would be desirable that
F as a control variable should be a linear parameter of a
dimensionless system as it was in the initial system (Eq. 1). So
following Gol’dshtein et al. (1996) the system (Eq. 1) has the
following dimensionless form:

0
=—uf—alf—0)+B1-k(8)

dt

dn
y—=—un+{1-n)k(9). 2)

dt

For the ratio of a gas heat capacity to the total reactor
heat capacity, vy is considered to be a small parameter, be-
cause the solid density is 10> times greater than the gas den-
sity. Thus system 2 is a singularly perturbed system with a
small parameter y < 1. Further, following an asymptotic
analysis scheme (see, for example, Gol’dshtein and Sobolev,
1988, 1992), zero-approximation, y = 0, of system 2 is consid-
ered:
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dé
== —uf— a6 - 0,)+ B(1-n)k(6)

k(9)
0=—u7]+(1—7))k(9)=n=m. 3)

Gol’dshtein et al. (1996) have shown that heat processes
are approximately 1/y times slower than concentration
processes in gas—solid CSTR, 7.y, < Tyep,- Mediating opera-
tion is introduced as an intermediate mode operation with re-
spect to slow and fast reactor processes, Top, < T < Tyoro. Tak-
ing into account the type of operation considered, the tradi-
tional averaging method (Bogoliubov and Mitropolsky, 1961)
can be used with a period of averaging defined by the vari-
able control period, 7. Note that temperature as a slow vari-
able can be regarded as a constant during the interval of averag-
ing. The averaged equations of Eq. 3 become

de

—=—0f0—-a(0—-6)+B(1-7)k(8)

dt

L ko)

= e @

Steady states of the averaged system (Eq. 4) are defined by
the relation dé/dr = 0, which leads to

0=—00-a(6—0)+B(1-k(8)

L Ko S
1=7) kora )

Maximal Multiplicity of the Two-Step Mediating
Operation

Introducing the two-step periodic input of intermediate
mode can lead to essential change of the CSTR’s dynamic
behavior. Gol'dshtein et al. (1990) demonstrated the exist-
ence of five steady states for the two-step mediating opera-
tion. In this part of this article we aim to show analytically
that multiplicity features of system 5 are described by so-
called butterfly singularity (see, for example, Poston and Stew-
art, 1978). Hence, for the two-step mediating operation CSTR
may exhibit at most five steady states. It should be empha-
sized that for maximal (five) multiplicity of butterfly singular-
ity at least one of three intermediate solutions is a stable one.
Thus stabilization of an intermediate steady state is achieved
by realizing maximal multiplicity.

A bifurcation set of butterfly singularity is a four-dimen-
sional space described by four bifurcation parameters. Thus,
we also determine four critical (bifurcation) parameters here,
to which the reactor steady-state system (Eq. 5), character-
ized by a large number of parameters, may be reduced. For
investigating the influence of the two-step mediating opera-
tion on the dynamic behavior of CSTR, it would be best to
separate the two-step control parameters from other bifurca-
tion parameters. In particular, this separation enables one to
find the two-step control values for which five steady states
with a stable intermediate one can be achieved (see the next
section).
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Figure 1. Two-step periodic forcing function.

Dashed line corresponds to the average value of the feed
flow rate, ug.

Let us consider zero-average oscillations of feed flow rate,
it = u, in the form of two-step periodic input (see Figure 1)

21 u, for nr<t<(n+v)r
“0=V4, for (r+wr<rs(n+Dr, 6)
where v is the duty fraction and n=0, 1, 2, ... . Note that

the selected forcing function gives the same average output
as does the widely used nonsymmetric rectangular waveform
(see, for example, Meerkov, 1980).

Equations describing steady states of the averaged system
(Eq. 5) under two-step periodic control are

0=—uy6— alf—8)+BA-k(8)
§=k(OWKk(O)+uy + 1y —ug) /[(k(0) + u Y k(0) +uy)l.

@)
Equations 7 can be combined to give a single equation
k(O)ug+ k(0)uu,
+ - = Bk . (8
(ug+ @)y — ab, (e)(k(0)+u1)(k(0)+u2) 8)

For reducing Eq. 8, define new variable z, new reactor pa-
rameters

0 ab, ab,
Z_1+BB ug+a+ apfs, r_u0+a+aBGC
i,
q9=BB

ug+ a+ afe,

1 7

<

1
"B wvavaps B P ©

and new forcing parameters
n,=u,/uy. (10)

Ay =u, /U

AIChE Journal

The denominator of Eq. 8 is positive, so the equation can be
reduced to

[(1+q)z — sqle®z+"

+ugl(n,+n, + ninyq)z —ninysqle™ + udnin,z =0.

(11)

Note that the feasible region of parameters described earlier
can be determined as follows. Reactor parameters g, s, u,
must be positive, while parameter r can be negative or posi-
tive but close to zero. Control parameters satisfy, for exam-
ple, the condition, 0 <n, <1< n,, because relative ampli-
tudes of control pulses are symmetric variables for the aver-
aged reactor system 7.

The presence of the nonzero mediating operation means
that in Eq. 11, u3n,n, = u,u, # 0. Under this condition Eq.
11 can be rewritten as

def
F(z,Aq,By, Ay, B) = Az — Age?

+(Byz=Byle*+2z=0, (12)

where

Ag=Ao(s,q)=5q/(1+¢q)

2r

e
A=A Mo lUg,q,r) = 1+qg)—
1 Kny,ny.u0,q,r) ”1”2( q)u(z,
By = By(uy,s,q,r) = sq—
Uy
B, = By( T | ¢ (13)
= By(ny,nyup.g,r)=|| —+—j+q|—.
1 INOR RN P n o on, q iy

The set of equations F = dF/dz = d*F/dz* = d°F/dz> =
d*F/dz* =0 has a unique solution (for details see Appendix
A)

z=3
Ay=6 A, =1/e°
B,=12/¢* By =4/e%. (14)

Note that d°F/dz>+ 0. So, following Poston and Stewart
(1978), the point (Eq. 14) is a single butterfly point of butterfly
singularity.

By Thom’s theorem (see, e.g., Poston and Stewart, 1978)
the steady-state equation of CSTR (Eq. 12) defines locally
butterfly singularity. Hence the maximal multiplicity of CSTR
under the two-step mediating operation is 5 (see, also, Ap-
pendix B). Furthermore multidimension space of the CSTR
parameters can be reduced to four-dimensional space (A,
By, A;, B,), where bifurcation behavior is described by the
classic bifurcation diagram of butterfly singularity (see, e.g.,
Brocker and Lander, 1975). Below, a situation of maximal
(five) multiplicity with a stable intermediate steady state is
numerically investigated in detail.
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Mapping of a Parameter Region Provided Five
Steady States with a Stable Intermediate One

This part illustrates a successive procedure for finding con-
trol parameters, u,, u,, that lead to an appearance of the
stable intermediate steady state. For this reason, the parame-
ter area that has maximal multiplicity of five steady states is
searched in (A, By, A, B;) space. A systematic procedure
for dividing parameter space into regions with a different
number of solutions for standard polynomial singularities is
described, for example, in Brocker and Lander (1975) and
Poston and Stewart (1978). We follow an approach that was
developed by Balakotaiah and Luss (1984, 1988) for the global
parameter space of a nonlinear CSTR problem.

First, in parametric space (A4,, B,) we trace the locus of
the swallowtail points defined by

dF d*F d°F

By eliminating A,, B; from Eq. 15, the next equations
(parameterized by z) can be obtained

Ap=2(z2-6)/(2z-5)
By=4(3-3z+ z%) Je*. (16)

Calculation shows that the positiveness of the denominator,
2z —5> 0, is required for tracing feasible 4,, B, values. Fig-
ure 2 shows the graph of Eqs. 16, which divides the (A4,, B,)
plane into two regions. For all A,, B, values inside the cusp,
Eq. 12 has a maximum of five solutions for some A4,, B;. For
all 4,, B, values outside the cusp, Eq. 12 has at most three
solutions for some A4, B,.

It should be emphasized that only parameters A4, and B,
depend on control parameters u, and u, (see Eq. 13). So if
dimensionless reactor parameters u,, a, B, B8, 6, provide
the location of the A, B, values inside the cusp in Figure 2,
then control parameters u,; and u, can be chosen by deter-
mining the (4, B,) set that leads to five multiplicity having a
stable intermediate steady state.

So secondly, for Ay, B, fixed inside the cusp in Figure 2,

0 10 12 18

Figure 2. Locus of the swallowtail points in the (A,, B,)
plane.

For A,, B, inside cusp, 5 steady states are possible; for 4o,
B, outside cusp, Eq. 12 may have no more thea 3 solutions.
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A,, B, values are sought for which Eq. 12 has five solutions.
For this purpose the locus of the fold points can be con-
structed in parametric space (A,(A,/B,)?, B{A,/B,)). For
any Ay, B, inside the cusp in Figure 2 this locus separates
the (4,(A,/B,)?, B(A,/B,)) plane into three regions that
have either 1, 3, or 5 solutions. The locus of the fold points is
defined by

F=—=0. an

A solution of the system in Eq. 17 gives the following equa-
tions parameterized by z (for fixed 4, and B, values)

1
A(Ay/B,) = ;171;/(1 +q)=
(Ao/By) (22 + Bye?) /[ ( Ay — Agz + 20)]

/(+q)=

1 1
B\(Ay/By) = [(n— + n—z) +q
1

(Ao/BB(1— Ay +2)e* — Ay +2A4yz —22%]/
[er(Ay— Ayz +22)]. (18)

The calculation shows that a feasible region of A,, B, corre-
sponds to z values belonging to an interval between the roots
of the denominator of Eq. 18. Figure 3 shows the locus of the
fold points for various values of the A4,, B, parameters. In
Figure 3 the locality of the five-multiplicity region can be de-
termined, and corresponding control parameters, u; and u,,
can be chosen inside the region.

Thus, if dimensionless reactor parameters u,, a, B, B, 6,
define a point, (A4,, B), located inside the cusp in Figure 2,
then the control parameters (Eq. 10), n, and n,, that give the
five steady states can be determined by plotting the cusp of
the fold points in the [A4,(A4y/By)? B(Ay/By)] plane (e.g.,
Figure 3). So stabilization of the intermediate steady state
can be achieved by the strategy just described.

Figure 4 shows the average steady-state characteristics ob-
tained by applying the procedure just described. The positive
slope of each curve corresponds to a stable steady state, so
curves 2 and 3 demonstrate the domain of the stabilized op-
eration in the intermediate zone. The effect is more pro-
nounced for curve 2. It should be emphasized that Figure 4
indicates that higher reactor productivity can be expected for
the intermediate steady state. The useful ability of the medi-
ating operation for increasing the average conversion at a
given temperature was researched earlier by Gol’dshtein et
al. (1996) for lower and upper steady states. So Figure 4 shows
that this desirable effect can also be achieved for a stable
intermediate steady state.

Influence of Some Parameters on the Feasibility of
a Five Multiplicity

To determine the global requirements of control parame-
ters n,, n,, for which five solutions are possible, the location
of the swallowtail points can be traced in the (n;, n,) plane.
A simultaneous solution of Eq. 15 of nyn,, n, + n, variables
gives
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Figure 3. Locus of the fold points in the (A,(A,/B,)?,
B,(A,/B,)) plane for A,, B, located inside the
cusp in Figure 2.

The locus divides the (A4,(4q/B), B(Aq/Bo)) plane into
regions having 1, 3, or 5 steady states. The * marks the re-
gion of five steady states. Inside the region control parame-
ters n; and n, can be chosen, because for expressions
(ALAg/BY? = 1/nny (1 + q), BAg/Bo)=[(/n;+1/ny)+
q1/(1 + ¢)), parameter q is defined by fixing the A4, B, val-
ues.

niny =1/ A,(Ao/BeY (1 + )]

4 Qz-50z2-3z+3)
1+g¢g (22—6)2

ny+ ny = [B(Ay/By) - ¢/ 1+ @/ | A(Ae/By)]

4(z2-32+3)
B 22 -6
q Qz-5)(z?-3z+3)
X|2(z-2)—
(z-2) 1+gq 22 -6 (19)

By fixing g, the location of the swallowtail points defined by
Eg. 19 can be plotted in the (n,, n,) plane (see Figure 5). For
all n,, n, inside the cusp (of fixed g), Eq. 12 may have five
solutions for some parameters r, s, u, (not necessarily feasi-
ble). Figure 5 illustrates that nonzero control alone can lead
to five multiplicity, that is, used above the condition, u3n,n,

AIChE Journal March 1997

-y
[ 8]

[N
o
™

DIMENSIONLESS TEMPERATURE
o

4 /['
L
\
2 j/’
0 .
1 1 s?-
-
N
0.8} //
= 21 I3
o [ W
0.6 |
: \
\l
0.4 !
o] \, ]
© 4
0.2
0 el
0.02 0.04 0.06 0.08 0.1

DAMKOHLER NUMBER, Da = 1l/u
0

Figure 4. Steady-State characteristics vs. Damkohler
number.

Reactor parameters are a =2, B=12, B =0.04, 6.=0. (1)
= Unforced reactor. Control parameters provided stable in-
termediate steady state, n, = u, /ug and n, = u,/ug are (2)
= uyfug=042, uzfug=15.6; 3) = u; fug=10.385, u, fug=
12.8.

=u,u, # 0, is necessary (see, also, Appendix B). Figure 5 in-
dicates that five multiplicity can be attained, practically, by
control with relative amplitude of one pulse greater than five,
n, or n,>5. The type of control was designated as strobo-
scopical control in Gol'dshtein et al. (1996). Thus, stroboscop-

25

20¢

15}

10

0

0.2 0.4 0.6 0.8 1

Figure 5. Influence of control parameters on a feasibil-
ity of five multiplicity.
Loci of the swallowtail points in the (n,, n,) plane for vari-
ous reactor parameter q. For n,, n, inside each cusp 5 steady

states are possible. For each locus parameter g is (1) =g =
032 =¢g=103) =¢g=2.
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Figure 6. influence of reactor cooling on a feasibility of
the five multiplicity.

Loci of the swallowtail points in the (A4, By/e") plane for
various reactor parameters r. Inside each cusp 5 steady states
are possible. For each locus parameter r is (1) =r =20, (T,
=T Q) =r==05 (T, <Tp); 3} =r=05,(T,>T)).

ical control can be seen as a necessary control strategy for
achieving stable intermediate steady state by two-step input.

Now let us estimate the influence of reactor cooling (as an
internal parameter of the CSTR system) on the feasibility of
maximal multiplicity. In Figure 6 the locuses of the swallow-
tail points defined by Eq. 16 are shown in the (A4,, By/e")
plane for various fixed values r. Five steady states are possi-
ble for a (A4, B,/e”) area located inside each cusp in Figure
6. For fixed r, the size of the area depends on other (inter-
nal) reactor parameters, u,, g, s, essentially, on u, (see Egs.
13 and 9). Thus, Figure 6 indicates that intense cooling with
negative r (6, <0, ie., T, <T;) makes possible a five multi-
plicity for a wider range of average feed-flow-rate values, u,
=1/Da (i.e., for a wider Damkohler-number range, too). The
opposite relation, 7, > T}, decreases the feasibility of the five
multiplicity.

Conclusion

In this article a novel approach for stabilizing CSTR be-
havior in the intermediate temperature range has been pro-
posed. The approach is based on the introduction of the me-
diating operation for creating additional steady states in the
intermediate temperature range. CSTR is considered to be a
simple model of a gas—solid catalytic reactor with widely sep-
arated slow temperature processes and fast concentration
ones. Mediating operation has been introduced as a periodic
operation in the intermediate mode between fast and slow
reactor processes. We analyzed here the ability of the medi-
ating operation to control steady-state multiplicity for achiev-
ing an additional stable intermediate steady state.

It was shown, analytically, that for a two-step mediating
operation, CSTR multiplicity is described by a classic butter-
fly singularity. Therefore, CSTR multiplicity can exhibit at
most five steady states, for which at least one intermediate
steady state is stable. A systematic numerical procedure for
finding two control amplitude parameters corresponding to
maximal multiplicity was presented in this article. Only stro-
boscopical control of two-step input can lead to the desired
appearance of a stable intermediate steady state. Concerning
the internal reactor parameters it was shown that correlation
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between a coolant temperature, 7, and a feed temperature,
Ty, is critical for realization of maximal multiplicity. For in-
tense cooling, if T, < T, five multiplicity can be attained for
a wider range of average feed-flow-rate values, u, (i.e.,
Damkohler numbers). The opposite relation, 7, > T; leads to
the opposite result, which avoids the unexpected appearance
of additional steady states (if this situation is undesirable).

Control of steady-state multiplicity by periodic forced (ex-
ternal) inputs can be considered a promising novel applica-
tion for stabilizing the desired steady states. Our study
demonstrates the possibilities of a new mediating operation
approach for this purpose. The ability to change in a wide
range of dynamic behavior of a system with widely separated
time scales using a single control variable can be seen as a
major advantage of the mediating operation.
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Notation

A =heat-transfer area
¢p.C, =heat capacity of the reacting mixture and solid phase,
respectively
C,Cy =concentration, feed concentration
E =activation energy
F,F, =feed flow rate and its average value
h =heat-transfer coefficient
A H =heat of reaction
k, =reaction rate constant
k(6)=exp[8/(1+ B8)]
m =mass of solid catalyst
n =integer number
R =universal gas constant
t =dimensionless time =#'yk, exp (—=1/8)=ty Da F/V
' =time
T =reactor temperature
u =dimensionless feed flow rate = F/Vk, exp (—1/8)
V =volume of the gas reaction mixture
a =hA/Vpc,k, exp (1/8)
B=RTy/E
n =dimensionless concentration or conversion
= (Cf - C)/ Cf
# =dimensionless reactor temperature and its average value
=(T - T;}/T,(E/RT;)
6. =dimensionless coolant temperature
=(T. — T)T,(E/RT})
p =density of the reacting mixture
Teonc:Tremp = dimensionless characteristic response times of subsys-
tems for concentration and heat processes, respectively
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Appendix A: Determination of the Singular Point
Defined by Eq. 12

Equation 12 is

def
F(z,Ay,By.A,.B))'= Az~ Ay)e?

+(B;z— Byle*+z=0. (Al
The locus of the butterfly points is defined by the set of
equations

dF d*F d°F d°F (A2)
S dz d? 4 dt
The solution of system (Eq. A2) was obtained by Gol’dshtein
et al. (1990). For completeness we also reproduce here a so-
lution that follows the procedure of Balakotaiah and Luss
(1982).

Let us define new variables

xo=Afz— Aye* x,=Ae*
Yo= (BIZ - Bo)ez yl = Blez. (A3)
AIChE Journal March 1997

Using new variables A3, system A2 can be written as a linear
system of equations

Xg+yo+2z=0

2xg+ xy+yo+y;=—1
dxy+4x;+y,+2y,=0
8x¢+12x,+ yo+3y,=0

16xy +32x; + yo +4y,=0. (A4)
The solution of system A4 is
z=3
Xg=-3 x;=1
Yo=0 n=4 (AS)

Substituting Eq. A5 in Eq. A3 we can get Eq. 14.

Appendix B: Maximal Multiplicity of Eq. 11

Equation 12 was obtained from Eq. 11 under condition
udn,n, =uu, #0. It was shown that Eq. 12 has a unique
five-multiple solution (see Eq. 14). Here we consider Eq. 11
in a more common form for the purpose of proving that con-
dition u,u, # 0 is necessary for achieving the maximal (five)
number of solutions. The existence of a five-multiple solution
for Eq. 11 was proved earlier by Gol’dshtein et al. (1990).

Let us consider Eq. 11 in a common form (see also
Gol'dshtein et al., 1990)

def
G(z,a4,b,¢o,81,b1,¢1) = (a,2 — ag)e*

+(bz—byle*+cz—cy=0 (B1)

where a;, b, ¢; (i =0, 1) are parameters.

Proposition. I a;#0 and ¢, #0, then Eq. BI can have
five solutions as a maximum.

Proof. Let us introduce new variable y = e* > (0. Equation
B1 can be written

G(y,a9,bg,cq,a1,b1,¢1) = (a;Iny — ay)y?
+(byiny~by)y+c,lny—c,=0 (B2)

and

a’*G 5 1 . 1 1 1(2 - )
—5 =ia4;-— byt =—52ay" —by+cy).
dy3 ly lyz 1y3 y3 1 1 1

If a,#0 and ¢, + 0, equation d>G/dy>=0 has two solu-
tions (not necessarily feasible); hence, G = 0 has at most five
solutions in the global parameter space.

In Eq. 11 a; =1+ g)e* > 0 for all feasible values of pa-
rameter ¢ > 0. Hence condition c;=u3nn, =uu,#0 is
necessary for Eq. 11 to have maximal (five) multiplicity.

Thus the preceding condition, u,u, # 0, which indicates the
presence of nonzero control, is a critical condition.
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